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T HE computation of unsteady � ows in high-speed airbreathing
inlets requires a compressor-faceboundarycondition (CFBC).

The physical basis for the analytical or numerical formulation of a
realistic CFBC is the acoustic re� ection coef� cient of the operating
compressor. In Ref. 1 an approximate, one-dimensional method is
offered to calculate this information for a single blade-row com-
pressor, when the total approach velocity (vector sum of axial and
tangentialcomponents, relative to the rotor blades) is subsonic.The
present Note extends the calculation to the practically important
case where the total approach velocity is supersonic and the axial
component is subsonic. (In this Note, the term “supersonic” refers
to this limited range.) The background,motivation,physicalmodel,
method of analysis, and nomenclature described in Ref. 1 apply to
this Note without change and are not repeatedhere. Familiarity with
Ref. 1 is essential to the understandingof this Note.

In supersonic cascade � ows expansion and compression waves
can propagate upstream and can modify the approach � ow, which
makes them considerablydifferent from subsonic cases. It has been
well established2;3 that a steady, uniform, supersonic� ow upstream
of an in� nite, linear cascade of blades can exist only for a unique
incidence angle. The existence of such an incidence implies that an
upstream moving acoustic disturbance (which might be initiated by
a downstream-movingdisturbancearrivingto thebladerow) cancels
the initial disturbance,restoring the undisturbedupstream � ow. The
unique incidence angle can be determined in the knowledge of the
blade geometry and the upstream Mach number (methods given
in Ref. 2). The unique incidence angle is generally small, several
degrees only.

In the following,the exit Mach number is assumed to be subsonic,
which is a practically common situation. This assumption also de-
� nes a unique steady � ow when using the simple mean � ow method
of Ref. 1. The choice of subsonic out� ow implies the presence of
shocks (and, hence, a total pressure loss) in the blade passage. The
effect of total pressure losses on the re� ection coef� cient is demon-
strably small and a reasonableestimate is suf� cient. Shock loss may
be estimated as that associatedwith a normal shock at the upstream
Mach number Mu . The estimationof viscous lossesmay be made on
the basisof empiricalinformationvalid for similar bladegeometries.

The analysis deals with a transient initiated by the arrival of an
acoustic step change to the blade row, the goal being the prediction
of the magnitude of the re� ected wave, which is also a step change.
The equations used in the present analysis are the same as those of
Ref. 1, with one exception. In the subsonic case, it was assumed
that the direction of the exit � ow, after completion of the transient,
is the same as the direction of the undisturbed exit � ow [Eq. (25)
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in Ref. 1]. In the supersonic case, this requirement is dropped, and
the unique incidence requirement is imposed on the entering � ow.
It is assumed that the response of the blade row has to be such as to
restore the incidenceangle (in region 3) to its original, unique value
(in region 1). This assumption implies that
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Because neither the incident nor the re� ected acoustic wave can
change the tangential velocity, the tangential velocity disturbances
are zero in all upstreamregions (1, 2 and 3). Equation (1) then forces
the axial disturbance in region 3 to be zero also, which means that
the region 3 velocity vector is identical to the undisturbed, region 1
velocity vector. The conclusion is that the imposition of Eq. (1) is
equivalentto the assumptionof constant(upstream)velocity.This is
one of the traditional assumptions that has been applied in the past,
without justi� cation, to � ows with any approachMach number.The
analysis of Ref. 1 showed that this assumption does not apply for a
subsonicapproach� ow. The presentanalysisshows that theconstant
velocity condition is in fact applicable in the supersonic range.

The calculations are simple and are omitted. The acoustic wave
coef� cients are as follows:
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The analysis also predicts a downstream-convecting vorticity
wave. The correspondingvorticity induction coef� cient is given by
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Equation (2) states that for supersonic � ow the re� ection coef-
� cient is constant with a value of unity. This result is in excellent
agreement with two-dimensional, inviscid Euler solutions obtained
by Paynter to the same problem.4 His solutions clearly indicate that
for supersonicapproach� ows the re� ection is such that the velocity
direction in region 3 is the same as in region 1, in agreement with
Eq. (1). Because A¡ is independentof the mean � ow properties, the
mean � ow parameters need not be known to compute this coef� -
cient. In contrast, the calculation of the acoustic transmission and
the vorticityinductioncoef� cientsdoes require the knowledgeof all
steady � ow parameters, such as inlet Mach number, inlet/exit � ow
angles, passage height change, and loss coef� cient.

The wave/blade interaction problems for stationary and moving
blade rows are identicalprovidedthey are stated in coordinates� xed
to the blades. If the in� ow parameters are given in the stationary
frame, then the solution process for a moving blade row consists of
transforming all mean � ow quantities to the blade-� xed coordinate
system and subsequently calculating the wave coef� cients using
Eqs. (2–4).

For the special case of unloaded � at plates with no area change
(¯u D ¯d D ¯ , Â D ¸ D ¾ D 1, and Mu D Md D M ), the subsonicand
transonic formulas both predict the same wave coef� cients when
M D 1, that is, the switch from the subsonic to supersonicbehavior
is continuous and occurs at M D 1. Figure 1 shows the variation of
the re� ection coef� cient. Subsonic relations1 are illustrated using
thin lines in the plot whereas supersonic values are shown as thick
lines. It is evident that, for subsonic � ow, increasing Mach number
increases the re� ection amplitude. As Mux is increased while keep-
ing ¯u constant, Mu becomes equal to one when Mux D cos ¯u . For
axial Mach numbers above this limit, the re� ection coef� cient is
uniformly one for any value of ¯u , as given by Eq. (2).

In the general case (curved blades, blade height change, nonzero
total pressure loss), the switch from subsonic to supersonic regime
involves a discontinuous change at Mu D 1 in the value of all three
wave coef� cients. Figure 2 shows the jump in transmission coef� -
cients, for a representativeset of mean � ow parameters.Depending
on the combination of parameters, the jumps can be signi� cantly
higher than those shown in Fig. 2.
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Fig. 1 Acoustic re� ection coef� cient vs upstream axial Mach number,
with in� ow angle as parameter, for a � at plate cascade at zero incidence.

Fig. 2 Acoustic transmission coef� cient vs upstream axialMach num-
ber, with upstream � ow angle as parameter, for a selected set of pa-
rameters. For better readability, curves are shifted upward by labeled
amounts.

In Figs. 1 and 2, each point represents a separate realization of a
geometry and � ow parameter combination, that is, they are design
charts in which the geometry is considered to be freely variable.
It is also of interest to investigate how the re� ection coef� cient
varies when the operational conditions of a given compressor are
changed. Superimposing lines of constant wave coef� cient on a
standard compressor performance map (total pressure ratio vs cor-
rected mass � ow) is a convenient method for the presentation of
such off-design behavior. Re� ection coef� cients were calculated
for the example of a transonic research rotor, for which detailed
geometry and upstream/downstream � ow� eld data are available.5

The maximum measured upstream Mach number was 1.416, and
the downstream Mach numbers measured in the blade frame were
always subsonic.The performanceof the rotor was computed using
the time-mean � ow method of Ref. 1, using data taken at the mean

Fig. 3 Contours of constant re� ection coef� cients overlaid on a com-
pressor performance map; along the sonic line Mu = 1: dashed curves
are Ncorr = const lines.

radius and allowing the incidenceangle to vary over the experimen-
tally determined range. Loss coef� cients and deviation angles were
interpolatedfrom the measured data. Figure 3 shows the results su-
perimposed on the performance map. The map includes a subsonic
and a supersonic region, separated by a “sonic line” along which
Mu D 1:0. In the subsonic region, the re� ection coef� cient is rang-
ing from 0.4 to 0.75. Right of the sonic line, the approach � ow is
supersonic,and the re� ectioncoef� cient is uniformlyequal to unity.
The abruptnessof the subsonic/supersonic transition is the result of
the one-dimensional nature of the theory. If the blades are twisted,
and/or the hub/tip ratio is small, then the re� ection coef� cients pre-
dicted for the hub and tip could differ considerably.It is beyond the
power of the present one-dimensional theory to predict the result-
ing complicated three-dimensional effects, but it is likely that real
compressors display a gradual change in their re� ective behavioras
the approach Mach number changes from subsonic to supersonic.

There are no directly comparable experimental data available’
primarily because real compressors typically include at least two
blade rows. The development of a method to predict re� ection co-
ef� cients for multistage compressors is clearly desirable.

The implementation of re� ection coef� cients as boundary con-
ditions into a computer code is a separate and signi� cant challenge
that is beyond the scope of this Note. One method, proposed origi-
nallyby Paynter,4 hasbeen incorporatedinto the widely used WIND
code by Slater6 and is available as an of� cial WIND release.

Conclusions
The analytical formulas presentedhere and in Ref. 1 are intended

to replace the ad hoc boundary conditions traditionally used in the
computationof unsteady inlet � ows, hopefully leading to improved
reliability in the assessment of inlet stability and in control sys-
tem design. Space limitations preclude detailed demonstrations of
trends, but an extensive exploration showed that the re� ection co-
ef� cients can vary widely, from low negative numbers up to unity,
depending on the combination of parameters characterizingthe sit-
uation. The wide range of possible values strongly suggests that the
use of proper CFBCs is indispensablefor the accurate predictionof
unsteady inlet � ows.
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